Current theories of dissipation in the relativistic regime suffer from one of two deficits: either their dissipation is not causal or no profiles for strong shock waves exist. This paper proposes a relativistic NavierStokes-Fourier-type viscosity and heat conduction tensor such that the resulting second-order system of partial differential equations for the fluid dynamics of pure radiation is symmetric hyperbolic. This system has causal dissipation as well as the property that all shock waves of arbitrary strength have smooth profiles. Entropy production is positive both on gradients near those of solutions to the dissipationfree equations and on gradients of shock profiles. This shows that the new dissipation stress tensor complies to leading order with the principles of thermodynamics. Whether higher order modifications of the ansatz are required to obtain full compatibility with the second law far from the zero-dissipation equilibrium is left to further investigations. The system has exactly three a priori free parameters χ , η, ζ , corresponding physically to heat conductivity, shear viscosity and bulk viscosity. If the bulk viscosity is zero (as is stated in the literature) and the total stressenergy tensor is trace free, the entire viscosity and heat conduction tensor is determined to within a constant factor.
Introduction
How to incorporate finite speed of propagation into theories of dissipation is a central theme of Applied Mathematics. In particular, the second-order terms that model dissipation in the classical Navier-StokesFourier (NSF) equations make them parabolic, which leads to unbounded speeds in the limit of unbounded of Hughes, Kato and Marsden (HKM) [11] . In this most natural way, the equations are uniquely determined to within the three free parameters of NSF. Remarkably, we find that for the resulting dissipation tensor shocks of arbitrary strength do admit smooth profiles, and entropy production is positive on gradients near the inviscid limit, including those profiles.
Symmetric hyperbolicity is a condition that should hold for some choice of dependent variables and discovering the transformation to such variables is part of the challenge of verifying symmetric hyperbolicity for a given system of equations. For this purpose, we incorporate the classical Godunov variables [12] into our relativistic NSF setting. In theorem 2.1, we prove that, for the equations of pure radiation, imposing the condition that the equations with dissipation, written in Godunov variables, should be symmetric hyperbolic in the HKM sense in some Lorentz coordinate system, determines a unique causal dissipation tensor. That is, this selection criterion determines all coefficients in the ansatz in terms of the three free physical parameters of NSF, the heat conductivity χ , the shear viscosity η and the bulk viscosity ζ . The difference between the resulting equations and the ELW equations only involves terms that would be negligible near a classical limit but are significant for highly relativistic flows. Moreover, being tensorial, this dissipation operator is consistent with General Relativity. In theorem 2.2, we demonstrate that the resulting equations admit smooth profiles for all shock waves. Theorem 2.3 shows that entropy production goes the right way sufficiently close to the inviscid limit, including shock profiles. Finally, in theorem 2.4, we prove that all Fourier modes of the full, i.e. second plus first order, linearized equations move at speeds less than the speed of light, and decay in forward time, for all positive wavenumbers. This means that our system is causal and dissipative in the precise sense of these terms. The decay of all modes in the same direction provides an arrow of time, another expression of irreversibility. Taken together, these results demonstrate that, in the case of pure radiation, a causal theory of dissipative fluid dynamics is possible as a hyperbolic analogue of NSF theory that is consistent for shock waves and the vanishing-dissipation limit. 2 The relation of our hyperbolic NSF theory to ELW theory is clarified in §3. The comparison with other frameworks, notably the Israel-Stewart theory, is the subject of ongoing investigations. Our theory is a second-order hyperbolic regularization of a first-order hyperbolic system of conservation laws. See [13] for a prototypical example of such regularization.
As with classical NSF, our theory is a continuum mechanical framework for dissipation, and as such does not determine the actual values of the free parameters χ , η, ζ . As usual, these must be determined from additional symmetries and/or physics on small scales. A particularly compelling choice of values considered in theorem 8.1 would induce implications for cosmology.
Statement of results
The relativistic Euler equations 3 take the covariant form
where T is the 4 × 4 stress tensor
We write ρ, p, θ and u α for energy density, pressure, temperature and velocity, respectively. It is with the Stefan-Boltzmann law
3) 2 We actually wonder whether these equations might not be valid also far from the inviscid limit, but this raises questions that must be postponed to future work. 3 In general contexts, where the pressure p is a function of both energy ρ and particle number density n, the particle conservation equation ∂(nu β )/∂x β = 0 is needed to close system (2.1). We do not discuss this equation at all, as in the context of pure radiation, it uncouples, both in the inviscid case and in our proposed model with dissipation (2.4) and (2.5). (It is implicitly used in the derivation [3] that equations (2.1) provide the fluid dynamic representation of pure radiation. 4 We have chosen this particular fluid model because of its relative simplicity and its importance. This is, in particular, the setting for the radiation phase of the Standard Model of Cosmology, which lasts from very shortly after the Big Bang up until the time when radiation does not dominate matter anymore, some 10 5 years after the Big Bang [3] . During the radiation phase, the frames of isotropy of the energy evolve like the particle paths of a perfect fluid with constant sound speed s = c/ √ 3, and thus one must wonder about the mechanisms for viscosity and heat conduction in this fluid dynamical model. These mechanisms may have played a crucial role regarding isotropy of the universe [14, 15] . In addition, the compressible Euler equations are a highly nonlinear system of conservation laws, and so shock waves form. Thus, the details of the dissipative mechanisms must be known in order to correctly determine the internal structure of shock waves. While significant, both at the fundamental level of the Stefan-Boltzmann law and for the understanding of shock waves, the dissipation of pure radiation is difficult to measure directly, so its nature must be deduced. In this paper, we derive, from first principles, a new causal relativistic dissipation tensor for the fluid dynamics of pure radiation that incorporates viscosity and heat conduction in a naturally unifying, genuinely covariant manner and has the property that all shock waves possess a unique corresponding internal structure.
Motivated by the classical NSF description of non-relativistic fluid dynamics, the dissipative effects owing to a positive mean free path of radiation quanta are incorporated by adding a correction T αβ , linear in velocity and temperature gradients, to the perfect fluid stress tensor T αβ , thus modifying (2.1) to
The starting point of our argument is the observation that if such a dissipation stress tensor were assumed only to be symmetric and covariant, it could be given by 5
where v = (v 1 , v 2 , v 3 ) denotes 3-velocity and 6) and the coefficients χ , η, ζ , κ, σ , ω, μ are, at this stage, arbitrary functions of θ. Equation (2.4) generalizes the ELW ansatz. The idea is now to leave the three coefficients χ , η, ζ , which correspond to heat conduction, shear viscosity and bulk viscosity, free and determine κ, σ , ω, μ as functions of χ , η, ζ . The first purpose of the paper is to show that appropriate choices of κ, σ , ω, μ lead to consistency with both the requirement of causality and the theory of second-order hyperbolic systems.
Introducing the Godunov variable ψ α = θ −1 u α [12, 16] , we view our dissipation stress tensor (2.5) as
and write (2.4) as The second purpose of this note is to show that in the presence of appropriate dissipation, shock waves can be represented as smooth travelling waves. With x ≡ (x α ), a planar discontinuity
is an inviscid shock wave if it satisfies the relativistic Rankine-Hugoniot conditions
and is supersonic with respect to its upstream while subsonic with respect to its downstream state [17] . 7 We show:
Assume that the coefficients χ , η, ζ , κ, σ , ω, μ satisfy (2.9) and (2.11). Then, any inviscid shock wave has a dissipative structure, i.e. there exists a unique smooth shock profile
solving (2.4).
Thirdly, we prove that entropy production goes the right way sufficiently close to the inviscid limit, including shock waves. 
Theorem 2.3. Assume that the coefficients
χ , η, ζ , κ, σ , ω, μ
Then (i) The entropy production associated with (2.4) is strictly positive on all gradients (R N, U N) of shock profiles (2.14), and (ii) on all gradients of solutions to dissipation-free equations (2.1), entropy production is non-negative to leading order in the dissipation coefficients χ , η, ζ if and only if
Inequality (2.16) is well within the range of anticipated values of the dissipation parameters, cf. [3] and §8.
Before we developed the perspective taken in this paper, we came to similar conclusions by studying, instead of only the hyperbolicity of the second-order part, the dispersion relation of the full linearization of (2.4) that takes account also of the first-order terms. This has led to the following theorem that in the general case of assuming (2.9) and (2.11) (but not requiring (2.15) or (2.16)), all linear plane waves with non-vanishing wavenumbers travel at subluminal speeds and are damped in the sense of having strictly negative growth rates in time. (2.5) under the assumptions of (2.9) and (2.11). Then, each FourierLaplace mode for the linearization of (2.4) about any constant state travels at a speed strictly slower than the speed of light, and decays with time at a non-vanishing rate, for all wavenumbers ξ = 0. Theorem 2.4 completes our justification of˜ T by establishing that full system (3.2) is causal and dissipative in the proper technical sense of these words. In particular, this demonstrates that our evolution equations have an irreversible arrow of time.
Theorem 2.4. Let˜ T denote
We believe that theorems 2.1-2.4 of this paper 8 together provide a convincing demonstration of a causal hyperbolic analogue of NSF theory.
A comparison of our new theory of dissipation with the ELW theory, together with the general covariant expression of our dissipation tensor (theorem 3.1), is presented in §3. Theorems 2.1 and 2.2 are proved in § §4 and 5, theorem 2.4 is proved in §6 and theorem 2.3 is postponed until §7. In §8, theorem 8.1 introduces special choices of ratios among χ , η, ζ that seem particularly compelling.
The use of symmetric hyperbolic systems of first order is common in classical and relativistic continuum mechanics (cf. [6, 9, 16, 21, 22] and references therein). The second-order symmetric hyperbolic approach has been applied by Hughes, Kato and Marsden to the vacuum Einstein equations and to non-relativistic elasticity theory, both without dissipation [11] . As far as we know, this paper is the first to use symmetric hyperbolicity as a selection criterion to identify physically acceptable second-order differential operators that represent dissipation and to establish well posedness of the resulting system of PDEs.
The essence of our argument, however, lies in the general ansatz (3.6) for the dissipation stress tensor, which includes the terms with the 'new' coefficients κ, σ , μ, ω. Early on, Thomas [23] and Weinberg [15] did consider some terms of this sort, but only the 'μ-term' appears in the classical ELW theory (cf. [3, p. 55] ). In our above notation, the ELW theory corresponds to the case κ = σ = ω = χ − μ = 0. For our choice, κ, σ , μ, ω are all determined via (2.11), and we consider the corresponding parts of (3.6) as relativistic corrections that express new higher order physical effects. Note that these terms are precisely the ones that are negligible near the classical limit.
The approaches taken in this paper enable analogous findings for other fluids. The authors are working this out in ongoing investigations.
Comparison with Eckart-Landau-Weinberg theory
denote our derived dissipation stress tensor (2.5) under assumptions (2.9) and (2.11), expressing thatL is linear in velocity and temperature gradients. The tensor˜ T is determined by the same three free parameters χ , η and ζ for heat conductivity, shear viscosity and bulk viscosity, respectively, as ELW, but it is composed differently, and we are proposing the second-order system of four equations
as the proper, causal, relativistic counterpart of the classical NSF theory. To compare with ELW theory, we now explicitly give T,˜ T, T ELW and the resulting equations ∇ · (T +˜ T) = 0 and ∇ · (T + T ELW ) = 0 by their representation in the fluid's rest frame.
In the particle rest frame, the inviscid part T reduces to 
Our own proposal (2.11) yields
Taking the divergence, and treating χ , η, ζ as arbitrary functions of the temperature, we conclude that, written in the fluid's rest frame at any given space-time point, the ELW equations reduce to ⎛
while our equations (3.2) reduce at that point to their simplest form, ⎛
where the right-hand sides R ELW andR contain no higher than first derivatives. On the left, we have written c instead of 1 for the speed of light c, to show that in the limit c → ∞ one recovers the classical NSF dissipation. The reader can easily check that the 'separation' on the left-hand side of (3.5) into one hyperbolic operator acting only on θ and another hyperbolic operator acting only on v is due to cancellations of mixed derivatives involving the terms accompanied by σ in the first row of (3.3) and the terms accompanied by χ in the second row. These terms thus do not influence the leading order part of the equations. But as χ and σ depend on the temperature, these terms do give rise to quadratic gradient terms in the nonlinear problem, and therefore would indeed, if our theory is correct, correspond to new physical effects. We end this section with the following theorem showing that the general dissipation tensor (2.5) (and hence˜ T) is fully covariant, and as such can be incorporated naturally into general relativity.
Theorem 3.1. The tensor T given in the particle's rest frame by (2.5), takes the general covariant form 
Proof. The theorem is verified directly by expressing the above tensors in the fluid's rest frame. 
Causal dissipation
Symmetric hyperbolicity, first introduced for first-order equations, is the most natural criterion to guarantee finite speed of propagation and well posedness for systems of partial differential equations. This property has indeed been regarded as a principle of continuum physics. We now apply this principle to (2.4) and (2.5). Remarkably, the notion of symmetric hyperbolicity for second-order systems introduced by Hughes et al. [11] as well as the definiteness conditions
and In that case, we also call any covariant system (2.8) of partial differential equations HKM hyperbolic; such a system is symmetric hyperbolic in the sense of [11] , when written in coordinates obtained via a Lorentz transform that makes H β the direction of time.
We call an HKM hyperbolic operator (4.1) causal if (4.3) holds for all time-like H β ; we call it sharply causal if (4.3) holds for all time-like H β and (4.4) holds for all space-like N β . Causality and sharp causality express the additional requirements that the propagation speeds of the secondorder part are no larger than or are all identical to the speed of light, respectively. (Only) in the latter case, (2.8) is symmetric hyperbolic in the sense of [11] in all Lorentz frames. Proof. Writing, by virtue of (2.11),
and contracting with N twice, we find that the directional dissipation tensor
has the rest-frame matrix representation
Having eigenvalues 
Shock profiles
Remarkably, the symmetry and definiteness properties of B αβγ δ are sufficient to show that all shock waves have profiles.
From (2.4) and (2.7), we find that the possible profile Ψ of a shock wave
with q α a constant of integration. Assume now without loss of generality that N β = δ β1 and
Then it suffices to consider (5.2) with all indices running only from 0 to 1. Using (4.7) and (4.8), we find that (5.2) reads
and We analyse the phase portraits of this family of planar dynamical system on its natural domain of It is easy to see that polynomial (5.5) in u 2 1 has two positive roots indeed if and only if q 2 0 > q 2 1 . We assume this now. We also suppose that q 0 < 0, i.e. the shock under consideration is a '1-shock'. (The situation for q 0 > 0, the situation is completely analogous; cf. [18] .) One could now consider the finite region bounded by the two nullclines N j ≡ {(Ψ 0 , Ψ 1 ) : f j (Ψ 0 , Ψ 1 ) = 0}, j = 0, 1, and finish the proof analogously to Gilbarg's in the case of classical fluid dynamics [10] .
As an alternative, we note that the right-hand side of (5.3) is the gradient of L : Ω → R,
Lax's inequalities [24] imply that at one of the two rest points, a supersonic state Ψ − , the Hessian
has two positive eigenvalues, while at the other rest point, a subsonic state Ψ + , this matrix has one positive and one negative eigenvalue. Now, the bounded closed-level curves of L that surround Ψ − cover a simply connected regionΩ ⊂ Ω that has Ψ + as a boundary point. Ψ − is an unstable node, and thus the α-limit of that branch of the stable manifold of Ψ + that lies inΩ.
Owing to the Rankine-Hugoniot conditions, every inviscid shock wave appears as a pair of rest points of (5.3) for some value of q α . Theorem 2.2 is thus a direct consequence of lemma 5.1.
Subluminality and damping of plane waves
In this section, we give a proof of theorem 2.4. The purpose of theorem 2.4 is to provide an independent justification of new equations (3.5) by demonstrating causality and dissipativity at the level of modes. For this we now focus on linear plane waves, the Fourier-Laplace modes associated with full linearizations, at any constant state, of our proposed new PDE system (3.2). Here, full means that we do not restrict attention to the leading second-order part of the equations but include the first-order acoustic part as well. We prove the subluminality and decay of all modes for this mixed-order combination. Note that this is not an automatic consequence of theorem 2.1. The proof consists in a careful analysis of the system's dispersion relation.
Written out, the linearized equations read
whereθ denotes the temperature at the constant state at which the linearization is taken, and σ = (4η/3) +ζ . 
Note that, remarkably, the dispersion relation does not depend on the base state. For any fixed ξ , the left-hand side of (6.3) is a polynomial of degree 8 in λ whose roots λ i (ξ ), i = 1, . . . , 8 are continuous functions we refer to as characteristic rates, which determine subluminality and dissipativity. For convenience, we setχ = 1, and to simplify notation we now write η, σ instead ofη,σ . (The former can be achieved via a uniform scaling of space and time variables.)
and thus decomposes into
For any ξ ∈ R 3 \ {0}, we decompose
Relations (6.6) and (6.7) are called the longitudinal and transverse dispersion relations, respectively.
Proof of lemma 6.1. If ξ = 0, this is immediate. Assume then that ξ = 0. The restrictions of M(λ, ξ ) to its invariant spaces L(ξ ) and L ⊥ (ξ ) are given by the 2 × 2 matrices
and
respectively. To confirm this, let where R is a 3 × 3 rotation taking Rξ = (ξ , 0, 0) with ξ = |ξ | > 0, and note that RM(λ,
We start by showing that all transverse modes are strictly dissipative and subluminal. The letter ξ continues to denote |ξ |.
Lemma 6.2. If Π η,σ
T (λ, ξ ) = 0 for some ξ > 0, then Re{λ} < 0 and |Im{λ}| < ξ. Proof. In that case,
from which Re{λ} < 0 is obvious, and
The next two lemmas state that no longitudinal mode can be luminal or neutral.
Lemma 6.3. For any
is not possible. Substituting α + iξ for λ in (6.6) and multiplying out gives
where
Noticing the ξ 3 term cancels in (6.11) and the ξ 4 term cancels in (6.10), we obtain after simplification {·} Im = αξ (4σ α 2 + (1 + 3σ )3α + 6) (6.12) and Setting (6.13) equal to zero and using (6.14) gives Proof of lemma 6.4. Substituting iβ for λ in (6.6) and multiplying out gives
Now Π σ L (iβ, ξ ) = 0 requires {·} Re = {·} Im = 0, and we see {·} Im = 0 if and only if β 2 = ξ 2 . Using this in {·} Re gives
The next two lemmas state that at least for a certain value of the wavenumber ξ and the parameter σ , all longitudinal modes are subluminal and strictly dissipative. As the reader will have noticed, the rates λ 1,2 (ξ ) correspond, in the large-wavelength limit ξ → 0, to pure acoustics. T (λ, ξ ) = 0} on (σ , η), imply that the setΩ ≡ {(σ , η, ξ ) ∈ Ω : P(σ , η, ξ ) holds} is actually identical with Ω. Now, lemma 4.1 yields that for any ξ = 0 and λ ∈ C, (6.3) implies Re{λ} < 0 and |Im{λ}| < |ξ |.
